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Nonlinear Analysis of Disk Resonators. 
Application to Material Characterization and 
Filter Design. 
Jordi Mateu, Carlos Collado, Juan M. O’Callaghan. 
Abstract - A procedure for the numerical prediction of the 
microwave nonlinear behavior (intermodulation products, 
degradation of quality factors, etc.) of TMl,III disk resonators has 
been developed. The procedure is based on relating a very general 
description of HTS nonlinearities with the circuit elements of a 
nonlinear radial transmission line. This radial transmission line 
is then analyzed using the Harmonic Balance algorithm. 
Successful cross-checks are performed by comparing simulations 
with theoretical results obtained for a specifi model of HTS 
nonlinearity. The application of this procedure to the 
determination of nonlinear material parameters from disk 
resonator measurements is illustrated, as well as its use for 
simulating filters with several inter-coupled disks. 
Index Terms- Disk resonators, filters, intermodulation 
distortion, nonlinear distortion, superconducting devices. 
i .  INTRODUCTION 
Nonlinear effects in High Temperature Superconducting 
(HTS) materials may degrade the performance of various 
types of superconducting devices. HTS filters are most prone 
to be affected by this type of effects [1]-[4], particularly to 
the generation of spurious signals like third order 
intermodulation products. A number of resonator shapes 
have been proposed to minimize this degradation [SI and, 
among them, TMolo disk resonators are particularly effective 
[6]. These resonators are also being considered as test 
structures to determine the nonlinear properties of the HTS 
material [7], since -as opposed to planar line resonators- the 
edges do not have a dominant effect in the nonlinear 
properties of the structure. This removes the uncertainty of 
possible effects of the etching process, which may damage 
the edges of the HTS pattern and may have uncontrollable 
effects on the overall nonlinear properties of the test 
structure. 
in these resonators, the distribution of fields and currents 
of the fundamental signals can be found by treating the disk 
as a radial transmission line [7],[8]. This formulation can be 
extended to treat nonlinear effects and determine the 
distribution of fields and currents of the spurious signals. 
This is done in [7], where the third order intermodulation 
products are found for a TMolo disk resonator assuming a 
specific type of nonlinearity of the HTS material (a square- 
law dependence of the penetration depth with current 
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density). 
In this work we extend the results in [7] to allow other 
types of HTS nonlinearities. We use a mathematical 
formulation to describe HTS nonlinearities compatible with 
that used in [7], but not restricted to a specific dependence of 
the penetration depth with current density. We find the values 
of the elements in the nonlinear equivalent circuit of the 
radial transmission line with our formulation and use the 
Harmonic Balance algorithm [9] to simulate the nonlinear 
equivalent circuit of the radial transmission line. This avoids 
having to do a theoretical analysis to find the amplitude and 
spatial distribution of spurious signals for each of the 
plausible models of HTS nonlinearities. This might prove to 
be an important feature when determining the nonlinear 
properties of HTS materials, since these properties are known 
to be strongly dependent on the fabrication process and to 
change from sample to sample. 
Finally, we also illustrate the use of Harmonic Balance to 
predict the nonlinear performance of HTS filters containing 
several disk resonators. This prediction is difficult to do 
analytically regardless of the model used for the HTS 
nonlinearities, and Harmonic Balance might prove to be a 
useful and general approach to model high power filters made 
with superconducting disk resonators. 
11. NONLINEAR TRANSMISSION LINE EQUIVALENT OF A DISK 
RESONATOR 
The radial transmission line is described in detail in [8]. 
This model applies to all the resonant modes with azimuthal 
symmetry in the disk resonator, and relates the electric ( C , )  
and magnetic (.gfi;p/ fields at a distance p from thc axis, to 
currents and voltages through simple equations: 
where h stands for the height of the resonator. 
If the dielectric losses are negligible, the voltage and 
current obey a system of equations similar to the classical 
transmission line equations: 
di dv 
- dP = -C,(p>- dt 
with 
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where A(0,T) and R,,(O,T) are the low field values of the 
penetration depth and surface resistance, and A(0,T) is 
assumed to be smaller than film thickness t (this constraint 
affects only the linear part of the problem and could be 
removed following the steps described in [lo]). Note that, in 
(3), R,,,, and the term pA(O,T)/np in &,,,account for the 
resistive and reactive components of the radial electric field 
at the upper and lower faces of the disk. The radial field 
component is due to the superconductor and will have 
components at spurious frequencies if the superconductor 
behaves nonlinearly. To account for this, the resistance RdO 
and inductance Lilo in (2) should be replaced by current- 
dependent counterparts R,l and L,,: 
Non-linear elements 
A 
........................................ + dv,, - 
R,/o L d i ~  dRd(p,l) &l(p,i) I 
0 
G'tv+dv 
0 I - dP 
Fig. 1. Elemental cell of a radial transmission line 
Note that in the equations above j denotes surface current 
density and is related to the volume density j ,  through j=A j,. 
The distributed parameters a,,l(j) and b,,,(j), are related to 
the circuital nonlinear distributed parameters AR,(p, i) and 
&d(p,i) in (4) through the following equations: 
L, (P , i > =  L,,, (P >+ A-L (P 7 i>; A&/ (P 90) = 0 . Note that other dependences of AR,l(p,i) and AL</(p, i) with 
current density can be derived by postulating particular forms 
of (5) different than (6). 
(4) 
R, (P ,  i > =  R,o(P>+ AR, (P 9 4; W l  (P 90) = 0 
Fig. 1 shows the equivalent circuit of an elemental cell of 
the radial transmission line. This equivalent circuit also 
accounts for the nonlinear component of the radial electric 
field 4, created by the superconductor, which gives rise to 
the voltage drop dvnl=Gl dp. We assume that this field can 
be expressed as a (nonlinear) function fnl of the surface 
current density j and its derivatives: 
111. SQUARE-LAW NONLINEARITIES 
with i in (4) can be 
expressed as a Taylor's series expansion, the lowest-order 
dependence of Rd and L[I with i is a square-law. This is 
because (4) has to be even with i. The square-1aw 
dependence in (4) is obtained by making anl(j)=Ar2 j 2  and 
bnl(j)=Ax2 j 2 .  Then 
If the dependence of R,1 and L,! 
with 
with i=Znpj in a disk resonator. The method of analysis 
proposed can deal with many possible nonlinear functions fn,. 
A reasonable form is AR2 =- 2Ar2 ;a2=- 2 h 2  . 
( 2 v  >' (2ZP Y 
in which the first term in the sum accounts for the nonlinear 
resistive losses, and the second term quantifies the 
nonlinearity in the surface reactance. This assumption is 
compatible with a current-dependent penetration depth 
postulated in [7], [l I]. By using a nonlinear equivalent of the 
first London equation (d /d tb ,A(  j )  j ]  = dJ and making 
A ( j ) =  A(O,T)(l + f (  j ) )  with f ( 0 )  = 0 an equivalent value of 
b,l(j) can be found: 
Thus, b,,/(j) accounts for the departure of the surface 
reactance from its small-signal values. 
Using (9) and following a similar procedure to the one 
described in [7], we determined the maximum of the current 
density on the disk as a function of the parameters 
characterizing the nonlinearities in the HTS material (Ar2,Ax2 
in our case): 
where IJll and lJ2l are the maximum of the current density at 
01 and 0 2  (01~:w2 Emo> respectively. 
The radial distribution of the intermodulation products 
follows that of the fundamental signals, but their peak value 
is given by (1 1). This result will be used to cross-check the 
application of the Harmonic Balance algorithm, so that it can 
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TABLE I 
CURRENT DENSITIES OF FUNDAMENTAL AND THIRD-ORDER SPURIOUS. 
1JmI1 A/m I J Z ~ I - ~ ~ I  A/m 
Simulated 251.56 0.1083 
Closed-form ( I  1-12) 252.36 0.1099 
Error 0.4% 1.5% 
These values correspond to the radial positions where currents are 
maximum. Similar agreement between theoretical and simulated results is 
found at other radial positions (see Fig. 2). 
be used with confidence for other cases where a closed-form 
solution may not exist (i.e. for a,/(j) ,b,L(j) not following a 
square-law with j ) .  
Iv. HARMONIC BALANCE. BASICS AND CROSS-CHECK. 
The transmission line equivalent allows us to model the 
disk resonator as a cascade of cells like the one in Fig. 1 and 
obtain an equivalent circuit with lumped elements, some of 
which are nonlinear. W e  can then apply Harmonic Balance 
algorithms in a similar manner as was done in [12], where the 
current distributions of fundamental and spurious signals are 
found for a HTS transmission linc. To validate this approach 
we have simulated the square-law nonlinearities of the 
preceding section. W e  have checked the level of 
intermodulation spurious resulting from the simulation using 
(1 1). For the fundamental signals, we have used: 
(12) Jo = 1.445it'o sp Q ,  1 1 + 2 p  w,p,,hn R 2  
which gives the peak current density in a two-port, TMolo 
resonator with symmetric coupling. In (12), Po is the 
available power from the source, is the coupling 
coefficient, and R is the radius of the disk. 
Table 1 and Fig. 2 show the comparison for a disk with the 
following features: a 0.5 mm thick dielectric, a 25.4 mm 
radius, and an unloaded quality factor of 450000. The 
available power is assumed to be 0.01 W and the couplings 
are adjusted to obtain a loaded quality factor of 9000. The 
value of the nonlinear parameter Ax2, has been chosen to 
make it consistent with that given in [13] for jIMD (lo7 
A/cm2). To estimate this, an equivalent value of surface 
current density jIMD,\ is estimated using jmMD\=jmMD.Ao and (7) 
is used with f ( j )= O.5.(j/jIM~J2 [13]. The value of Ar2 is 
chosen to have the same contribution to the intermodulation 
current than Ax2 (Ar2= oO.Ax2, see (1 1)). The resulting values 
are: A x ~ = ~ x ~ O - ~ ~  (H m2)/A2 and Ar2=2.8~10- '~ (Q m2)/A2. 
v. PREDICTION OF FILTER PERFORMANCE BASED ON 
ADJUSTMENT OF EXPERIMENTAL MEASUREMENTS. 
Harmonic Balance is an efficient algorithm that inakes fast 
simulations given a,/(j) and b,/(j). The speed of simulations 
allows for an iterative adjustment of a,,l(j) and b,,(j) to fit the 
simulation results with experimental data. Disk resonators are 
especially suitable for this since (8) sets a very simple 
relation between the material parameters a,l(j) and b,/(j) and 
3001 
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Fig. 2. Radial distribution of current dcnsities for the fundamcntal (left 
scale) and third order (right scale) intermodulation currents. Plots show 
overlapped traces with simulated vs. theoretical results. 
Distance from the center of the disk ( mm ) 
the parameters of the equivalent transmission line. This does 
not happen in planar transmission line resonators. 
To illustrate this, we have used the experimental data 
presented in [14]. The linear elements of the transmission 
line equivalent (Lilo, Rclo and CiJ have been inferrcd from the 
small signal measurements and thc geometry of the 
resonators using (3). The current-dependcnt elcments 
(ARil(p,i) and AL(l(p, i)) have been adjusted to match 
dependence of the power of the intermodulation products 
with that of the source. This dependence has a 2:1 slope 
which can be matched in the simulations by making 
u,l(j)=Arubl and b,,/(j)=Axuljl. 
The resulting transmission line parameters are: 
with 
Fig. 3 shows the simulation results obtained with 
Ar,=2.9~10- '~ (Q m)/A and Ax,= 0. Thcre is a continuum of 
Ar, ,Axa pairs, capable of reproducing Fig. 3, depending on 
how much nonlinearity is attributed to thc resistive and 
reactive parts of the surface impedance, and an almost 
identical figurc is obtained at the opposite extreme using 1 
40 I 
I 1 I I 
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Fig. 3. Fundamental and third order intermodulation transmitted power vs. 
Oscillating power. These simulated data (lines) reproduce thc 
measurements made in [I41 (circlcs) 
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Fig. 4. Frequency response of a three-pole T M m  disk filter. Left vertical 
scale corresponds to the fundamental signal. Right vertical scale 
corresponds to the of intermodulation product when the fundamental 
signals are swept with a constant frequency difference of IKHz. Source 
power is I O  dBm per carrier. 
Ara=O and Ax,=1.223~10~’~ (H m) /A. Other observables 
(like the degradation of the quality factor, or the change in 
the resonant frequency with the source power) are necessary 
to discern this. In our case, a degradation of the quality 
factor with source power similar to that obtained in [I41 is 
obtained with the first pair of Ar, ,Axa values. 
Once a transmission line equivalent of the disk resonator is 
available, a circuit simulation containing several coupled 
disks can be set-up. As an example, a three pole bandpass 
filter has been designed following standard techniques [ 151 
and simulated using our code and the values of Ar, ,Axa €ound 
above. The output data from this simulation can be displayed 
in several forms. For example, Fig. 4 shows the frequency 
dependence of the intermodulation product superimposed to 
the frequency response of the filter. This figure shows 
intermodulation peaks at the edges of the bandpass, in good 
qualitativc agreement with other results [16], [17]. Other 
possible outputs of the simulator include an equivalent of Fig. 
3, and the spacial distribution of fundamental and spurious 
currents in all the filter resonators as a function of frequency. 
VI. CONCLUSIONS 
A general method has been proposed to relate the 
nonlinearities of the HTS material to the parameters of an 
cquivalent circuit of a HTS TMolo resonator. It has been 
shown that this circuit can be properly simulated using 
Harmonic Balance. This approach has been shown to be 
promising for the determination of the HTS nonlinear 
parameters from experimental measurements, since there are 
simple equations that relate the material parameters with the 
elements of the equivalent circuit being fitted. Harmonic 
Balance has also been shown to be useful for the simulation 
of filters containing several disk resonators. 
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